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Modified Differential Approximation for Radiative Transfer in
General Three-Dimensional Media

Michael F. Modest*
Pennsylvania State University, University Park, Pennsylvania

The modified differential approximation first proposed by Olfe for one-dimensional nonscattering media bounded
by black walls is extended to the most general case of a three-dimensional, absorbing/emitting and anisotropically
scattering medium bounded by nonblack walls. The model reduces to the correct optically-thin and optically-thick
limits for all situations. Some one- and two-dimensional solutions are presented, comparing the current method with
exact solutions obtained from Monte Carlo calculations, as well as with approximate solutions obtained from the
P-l or ordinary differential approximation. Unlike the P-\ approximation, the present method is seen to give
results of excellent accuracy for all optical conditions, at the price of a very moderate increase in computational
effort.

Nomenclature
A = surface area
#! = anisotropy factor in scattering phase function
En = exponential integral functions
G = incident intensity, Eqs. (9) and (13)
7,4 = (blackbody) radiative intensity
/ = surface radiosity, Eq. (6)
L = length of example cylinder
n = unit surface normal
Q = total radiative flux
q,q = radiative flux per unit area, Eqs. (10) and (14)
R = radius of example cylinder
r = radial distance
S = radiative source function, Eq. (2)
s = distance along direction s
s = unit direction vector
/? = radiative extinction coefficient
£ = surface emissivity
9 = angle between surface normal and direction vector
T = optical coordinate, Eq. (5)
<l> = scattering phase function
\l/ = azimuthal angle
co — solid angle
a>s = single scattering albedo

Subscripts
m = contribution resulting from radiative source within

medium
r = radial component
w = contribution resulting from wall emission
z = axial component

Introduction

EXACT calculations of radiative heat flux or its divergence
require the solution of very complicated integral equa-

tions, in particular if the radiatively participating medium
scatters radiation. Large numbers of approximate methods
have been proposed, such as 2-flux and 6-flux methods, kernel
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approximations, P-N approximations, etc. (See, for example,
standard textbooks such as the ones by Siegel and Howell1

and Ozi§ik.2) All these methods are either tailored to very
specific situations (geometry, black walls, radiative equi-
librium, and/or nonscattering media, etc.), or they become
very cumbersome or inaccurate in more general situations.
One particularly popular approximate method is the so-
called differential approximation or P-l approximation. This
method reduces the calculation of radiative fluxes and temper-
ature fields to the solution of a single linear elliptic partial
differential equation, which may be applied to any three-
dimensional geometry, with anisotropic scattering as well as
boundary reflection (see, for example, Modest and Azad3).
Unfortunately, the differential approximation is accurate only
in optically-thick media, and may become very inaccurate in
optically-thin situations, in particular in two- and three-di-
mensional geometries. This is because, in this method, the
directional variation of the intensity is expanded into a Legen-
dre polynomial series truncated after only two terms (P0 and
P^, i.e., good accuracy can be expected only in situations with
near-isotropic intensity fields. To increase the accuracy, a
number of improvements have been proposed. Olfe and
co workers4"8 separated wall emission (which may have strong
directional variations) from medium emission (which is
isotropic) in what they called the modified differential approx-
imation. While very accurate, their model was limited to
nonscattering media of simple geometry bounded by black
walls. Modest and coworkers9 n combined the P-\ approxi-
mation with an optically-thin correction term in what they
called the improved differential approximation. Even more
accurate than Olfe's model, their method was applicable to
multidimensional situations with boundary reflection; how-
ever, the method was limited to radiative equilibrium and to
nonscattering media. Other investigators12'14 used a higher
order differential approximation, the P-3 approximation. This
method is applicable to general situations but—while more
accurate than the ordinary differential approximation—the
method is considerably more involved and may still be very
inaccurate in optically thin situations.

Recently, Wu et al.15 demonstrated that—at least for one-
dimensional plane-parallel media—Olfe's modified differential
approximation may be extended to scattering media with
reflecting boundaries. It is the purpose of the present paper to
show that the modified differential approximation (or even a
higher order modified P-N approximation) may be formu-
lated for the general three-dimensional case, with an ab-
sorbing/emitting, anisotropically scattering medium bounded
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by nonblack walls. The model reduces to the correct optically-
thin and optically thick limits for all situations. Some one-
and two-dimensional solutions are presented, comparing the
current method with exact solutions obtained from Monte
Carlo calculations, as well as with approximate solutions
obtained from the P-\ or ordinary differential approximation.
Unlike the P-\ approximation, the present method is seen to
give results of excellent accuracy for all optical conditions.

Analysis
Consider a three-dimensional enclosure bounded by opaque,

diffusely reflecting walls. The equation of radiative transfer
for an absorbing, emitting, and scattering medium may be
written as1

^(M)=S(r,*)-/(r,*) (1)

where / is radiative intensity, T is optical distance along the
ray traveling into a direction s, as indicated in Fig. 1, and S
is the radiative source term given by

-M/
4tt J4n

• s') dco' (2)

Here cos is the single scattering albedo, Ib is the black body
intensity (Planck function), O is the scattering phase function,
and CD denotes solid angle. Equation (2) states that the
radiative source inside the medium consists of contributions
caused by emission and from scattering into direction s from
all other directions. The preceding equations govern the total
radiative intensity for a gray medium, or the spectral intensity
if the medium is nongray.

Similar to Olfe,4 we will now assume that the intensity 7 at
any point consists of two components: one, Iw, that may be
traced back to emission from the enclosure wall (but may
have been attenuated by absorption and scattering in the
medium, and by reflections from the enclosure walls), and the
remainder, 7W, which may be traced back to the radiative
source term (i.e., radiative intensity released within the
medium into a given direction by emission and scattering).
Thus we write

(3)

(4)

(5)

and let Iw satisfy the equation

leading to
J^

n

where Jw is radiosity at the wall from where the beam
emanates, T is the optical distance between that point on the
wall and the point under consideration (see Fig. 1), and /? is
the radiative extinction coefficient. Since, for the solution to
Iw, no radiative source within the medium is considered, the
radiosity in Eq. (5) is the one caused by wall emission only
(with attenuation within the medium). The radiosity variation
along the enclosure wall may be determined by invoking the
definition of the radiosity as the sum of emission plus reflected
irradiation, or

Jw(r) =snlbw(r) +(1 -e) Iw(r,s')\s' -h\ dco'
J|s' • n\ < 0

-"I/

Equation (6) is the standard integral equation for the
radiosity in an enclosure without a participating medium,
except for the attenuation factor e~r, and may be solved by
standard methods such as breaking up the enclosure surface
into TV small subsurfaces of constant radiosity. Assuming that
the attenuation term may be approximated by the value
between node centers, this leads to

(7)

where the FH are the configuration factors between the sub-
surfaces. Evaluation of Eq. (7) is straightforward if the radia-
tive properties of the medium are temperature-independent, or
if the temperature field is known; in the case of radiative
equilibrium, when the temperature field is to be determined, an
approximation or iteration may be necessary since, for a
temperature-dependent extinction coefficient, the optical dis-
tance ifj depends on the temperature field.

It remains to calculate the contribution from within the
medium. Unlike the intensity emanating from the enclosure
wall, which may display very irregular behavior (especially in
optically thin situations), intensity emanating from inside the
medium generally varies very slowly with direction. This is
because emission and isotropic scattering result in an isotropic
radiation source. Only for highly anisotropic scattering may
the radiation source—and, therefore, at least locally, also the
intensity—display irregular directional behavior. In the
present discussion, we will assume that the medium intensity
is adequately represented by the P-l or differential approxi-
mation, i.e., the intensity may be expressed as a series of
spherical harmonics, which is truncated after the first har-
monic. (Extension to higher order P-N approximations is
trivial but tedious.) With this assumption, the medium inten-
sity may be written as16

(8)

Fig. 1 Radiative intensity within an arbitrary three-dimensional enclo-
sure.

COS0 COS0' e~rdA (6)

as indicated in Fig. 2. Fig. 2 Coordinates for the determination of wall-related radiosity.
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where Gm and qm are medium related incident intensity and
flux, respectively, defined by

= Im(r,S)

IJrf)Sda>-I
(9)

(10)

Such smooth directional behavior can only occur for mildly
anisotropic scattering, i.e., expanding the scattering phase
function into a series of spherical harmonics, this series must
also be truncated after the first harmonic, leading to a linear -
anisotropic phase function

3>(S - 5 0 = j J • S' (11)

Substituting Eqs. (3), (8), and (11) into Eq. (2) leads then,
after carrying out the integration, to

Gm(r)+ai[qJ(r)+qm(r)]'$} (12)

)=- f /Jr'(o)]*-
fl J4n

=- f Jw(r'(a>)]e-*
K J4n

where the wall-related incident intensity and flux are defined
similarly to the medium related ones, leading to

(13)

(14)

After subtracting Eq. (4), Eq. (1) may now be rewritten as

After integrating over all solid angles, this becomes

V-qm=(l- cos)4nlb + cos(Gw + GJ - Gm (16)

If Eq. (15) is multiplied by s before integration over all
directions, this leads to

VGm = + qm) - (17)

Equations (16) and (17) are a complete set of equations for
the unknowns Gm and qm. (For higher order P-N approxima-
tions, additional equations would need to be generated by
multiplying Eq. (15) by successively higher order harmonics
before integration.) The necessary boundary conditions for
Eqs. (16) and (17) are found by making an energy balance for
medium-related radiation at a point on the surface

=s
J\S

• n do>'
- • n\ < 0

(18)

which leads to Marshak's boundary condition for a cold
surface16

(19)

In summary, Eqs. (16) and (17), together with boundary
condition (19), comprise a set of equations for the determina-
tion of the medium-related incident intensity and flux, with

enclosure wall-related incident intensity and flux given by Eqs.
(13), (14), and (6). Finally, the total values for incident
intensity and flux are given by

G = Gw (20)

(21)

This solution will reduce to the correct solution for the
optically-thin limit (when the medium-related contribution
vanishes), as well as for the optically-thick limit (where the
solution reduces to the unmodified P-l approximation). For
non-scattering or isotropically scattering media, the method
requires the additional evaluation of a scalar surface integral
for every point in the medium (GJ, whereas for anisotropic
scattering Gw as well as a vector surface integral (qw) must be
evaluated. If the extinction coefficient is independent of tem-
perature, the Gw (and qw) integrals are purely geometric
functions and, thus, may be evaluated once and for all (i.e.,
they will not enter any iterative process if the temperature
field of the medium is to be determined). If the extinction
coefficient is temperature dependent, a solution for Gw and qw,
based on gross estimates for the temperature field [in order to
calculate the optical distances riy in Eq. (7)], still will result in
the correct optically-thin and -thick limits and, therefore, can
be expected to be of reasonable accuracy everywhere in
between.

Illustrative Examples
One-Dimensional Slab at Radiative Equilibrium

First we will consider the very simple case of a one-dimen-
sional gray absorbing/emitting and isotropically scattering
slab at radiative equilibrium between two isothermal black
walls, since this example is a standard by which the accuracy
of many models has been assessed. It follows immediately
from Eq. (6) that J^ = aT\ and J2 = oT\> where the Tt are the
temperatures of the walls. With q = qw 4- qm = const, the solu-
tion to Eqs. (16-19) is readily found and the total flux
becomes

£3(T0)-(3/2)£4(T0)
l+(3T0/4)

(22)

where En are exponential integrals and TO is the optical
distance between the two plates. Equation (22) is identical to
the solution given by Olfe.4 Comparisons of the results tabu-
lated by Olfe shows that the ordinary differential approxima-
tion has a maximum error of «3.3%, as compared to w 1.3%
for the modified differential approximation (both at TO = 1).
This, however, in no way demonstrates the power of the
present method, since this problem is one of the very few in
which the ordinary differential approximation actually re-
duces to the correct optically thin limit.

Two-Dimensional Cold Cylinder With Isotropic Scattering
As a second example, shown in Fig. 3, we will consider a

cold gray cylindrical medium of radius R and length L, which
absorbs and isotropically scatters radiation, bounded radially
and at one of the flat faces by cold black walls. The second
face is isothermal at temperature T and has an emissivity of e.
The choice of this example has been prompted by the fact that
the author has available to him a Monte Carlo code for a
two-dimensional cylinder with isotropic scattering and given
temperature distributions within the medium and along the
walls, making comparison of the present method with "exact"
results possible. To make the Monte Carlo calculations nu-
merically efficient and the results more readily displayable, the
medium and two of the walls are assumed cold, and the faces
and sidewalls are treated as a single node (resulting in total or
average flux evaluations).
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For this case, it is advantageous to eliminate the flux from
Eqs. (16-19), resulting in

dGm

subject to the boundary conditions

(24a)

(24b)

(24c)

Here, the ir and iz are optical coordinates in the radial and
axial directions, respectively. The wall-related incident inten-
sity has only a single component, from the face at TZ = 0,
leading to (cf. Fig. 3)

Gw(r,z) =- J
n J4*

(25)

where jum(^) is the cosine of the angle with which the peri-
menter of the hot disk is seen from a location within the
cylinder, i.e.,

p = - r (26)

Once the solution for Gw and Gm has been found, the total
flux at iz = 0 (z = 0) and TZ = IL (z = L) is, with Jl = saT4,

qz(r,z = 0) = qwz + qmz =

r,z = L)= 2saT4\

2(2-8)
(27)

+ *GJr,L) (28)

The solution to the modified differential approximation for
this cylindrical-geometry problem has been found by finite-
differencing the preceding equations, whereas Gw and qwz (the
latter only at the bounding surface z = L) were evaluated
through numerical quadrature.

To assess the accuracy of the present method, and its
improvement over the ordinary P-l approximation, the P-l
method solution has also been calculated by finite differences,
whereas an exact solution was obtained with the Monte Carlo
code.

The results of this comparison are shown in Figs. 4—7.
Figure 4 shows the total normalized flux from the hot surface
as function of optical thickness (based on radius) IR = fiR and
scattering albedo co5, i.e., the radiative flux integrated over the
entire hot surface. In this figure, the hot wall is assumed to be
black (s — 1), and the length-to-radius ratio is kept constant
at L/R = 2. It is observed that the modified differential ap-
proximation follows the Monte Carlo results very closely for
all optical thicknesses and scattering albedos, whereas the
ordinary P-l approximation displays serious errors for opti-
cally thin situations. Indeed, it is simple to show that for the
ordinary differential approximation, as XR -> 0,

*n
£

2-fi
2-- (29)

r^(r,z=L)~| I
—-^——[_ °lw JODA I

while the exact result would be

•=o)i rex*=oyrez(;=i
= £

(30)

(31)

= Lfl
Jexact

(32)
where the latter equation is simply the emissivity multiplied by
the configuration factor between parallel disks. Thus, it is seen
that the ordinary P-l approximation gives errors of up to
100% (for large aspect ratios combined with high emissivi-
ties), whereas the modified differential approximation always
goes to the correct optically thin limit and is, indeed, accurate
for all optical thicknesses and all scattering albedos.

Figure 5 shows the identical case for the opposite (cold)
face plate, where the P-l approximation shows the same lack
of accuracy, whereas the modified differential approximation

1.00

0.75

0.50

0.25

L/R=2, £=1

• A • Monte Carlo method
_ _ _ ordinary differential approximation
___ modified differential approximation

1

Fig. 3 Coordinate system for two-dimensional cylinder.

Fig. 4 Normalized flux for cold cylinder enclosed by cold, black liner,
one cold face plate and one hot face plate; influence of optical depth and
scattering albedo on average flux at hot face plate.
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Fig. 5 Normalized flux for cold cylinder enclosed by cold, black liner,
one cold face plate and one hot face plate; influence of optical depth and
scattering albedo on average flux at cold face plate.
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Fig. 7 Normalized flux for cold cylinder enclosed by cold, black liner,
one cold face plate and one hot face plate; influence of aspect ratio and
surface emissivity on average flux at cold face plate.
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Fig. 6 Normalized flux for cold cylinder enclosed by cold, black liner,
one cold face plate and one hot face plate; influence of aspect ratio and
surface emissivity on average flux at hot face plate.

again gives good results, with only slight errors for intermedi-
ate optical depths, particularly for large scattering albedos.

Figures 6 and 7 show the influence of aspect ratio L/R and
of hot-surface emissivity e on the average flux at the two faces,
all for a small optical thickness 1^=0.1 (where the P-l
approximation is often inaccurate) and for a scattering albedo
of (Ds =0.5. For L/R = 0, one has the optically transparent
one-dimensional case and, as expected, even the P-l approxi-
mation gives the correct answer, whereas for growing aspect
ratio the predicted flux at the hot face and the error increase
rapidly until they reach an asymptotic value (at L/R&4).
Heat fluxes at the hot face plate predicted by Monte Carlo
and by the modified differential approximation remain ap-
proximately independent of aspect ratio; with increasing L/R
the flux first decreases slightly (never more than 1%) before
going back to the original value. The P-l approximation does
fairly well at the cold plate, except for large emissivities, for
which the predicted decrease in flux is much too small. Again,
the modified differential approximation does very well under
all conditions.

Because of the limitations of the available Monte Carlo
code, only isotropic scattering was considered in the examples.
However, because of its linear-anisotropic description of the
intensity field, the P-l approximation is known to perform
equally well for linear-anisotropic scattering.3 While highly

anisotropic scattering cannot be treated by the P-l or, there-
fore, the present approximation, it has been well established
that highly anisotropic scattering can always be replaced by
an equivalent linear-anisotropic phase function for heat trans-
fer calculations.17 Thus, it is reasonable to expect that the
present method will do equally well for any arbitrary scatter-
ing situation.

Conclusions
The modified differential approximation first proposed by

Olfe for one-dimensional nonscattering media bounded by
black walls has been extended to the most general case of a
three-dimensional, absorbing/emitting and anisotropically
scattering medium bounded by nonblack walls. As with Olfe's
original model that was restricted to nonscattering media
between black surfaces in simple geometries, the present
model reduces to the correct optically-thin and optically-thick
limits for all situations. Comparison with exact solutions
obtained from Monte Carlo calculations demonstrates that,
unlike the standard P-l approximation, the present method
gives results of excellent accuracy for all optical conditions.
For nonscattering or isotropically scattering media, the
method requires the additional evaluation of a scalar surface
integral for every point in the medium, whereas for an-
isotropic scattering a scalar as well as a vector surface integral
(qw) must be evaluated. These integrals are purely geometric
functions and do not enter the iterative process for the
evaluation of the temperature field (radiative equilibrium, or
combined modes heat transfer). Thus, the modified differential
approximation, as generalized in this paper, yields high-accu-
racy radiative heat transfer predictions at the price of a very
moderate increase in computational effort over the standard
P-l approximation.
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